Abstract. We find new hypergeometric identities which, in a certain aspect, are stronger than others of the same style found by the author in a previous paper. The identities in Section 3 are related to some Ramanujan-type series for 1/π. We derive them by using WZ-pairs associated to some interesting formulas by Wenchang Chu. The identities we prove in Section 4 are of the same style but related to Ramanujan-like series for 1/π 2 .
1. Introduction 1.1. Ramanujan series. In 1914 S. Ramanujan gave 17 series for 1/π which are of the following form:
where s ∈ {1/2, 1/4, 1/3, 1/6} and the parameters z, a, b are algebraic numbers. One example is 
See Ramanujan's paper [19] and [4, pp. 352-354] . In 1987 the Borwein brothers gave rigorous proofs of the 17 Ramanujan series [5] . In honor of Ramanujan, series of the form (1) are now known as Ramanujan-type series for 1/π. An excellent survey of such results is provided in [3] , and in [6] there are many good articles concerned with the number π, some of which are related to Ramanujan-type series.
Ramanujan series extended.
We consider the following extensions with the variable x of the Ramanujan-type series:
3 n+x (a + b(n + x)),
and
for 0 < z < 1. In [12, Sect. 2] , we used the WZ-method [18] to derive many hypergeometric identities which can be written in the form
1
Identities (11) and (12), and two additional cases, were discovered and proved by the author via the Wilf-Zeilberger (WZ) method in 2002, 2003 and 2010 (see [9] , [11] and [15] ). The author also conjectured six moreover formulas for 1/π 2 (see [10] and [16] ). One additional case was conjectured by Gert Almkvist and the author in [1] . Following the publication of [9] , Boris Gourevitch discovered a similar series for 1/π 3 , using experimental integer relation algorithms (see [10] ), and most recently Jim Cullen gave a formula for 1/π 4 (see [22] ).
The WZ-method.
A function A(n, k) is hypergeometric in two variables if the quotients A(n + 1, k) A(n, k) and A(n, k + 1) A(n, k) are rational functions in n and k, respectively. A pair of hypergeometric functions, F (n, k) and G(n, k), is said to be a WZ pair [18, Chapt. 7] if
Wilf and Zeilberger [21] proved that in this case, there exists a rational function C(n, k) such that
The rational function C(n, k) is called the certificate of the pair (F, G). To discover WZpairs, we use Zeilberger's Maple package EKHAD [18, Appendix A] . If EKHAD certifies a function, we have found a WZ-pair! The usual approach is to sum (13) for n ≥ 0, to get
In this paper we use an alternative method explained in the next section.
A strategy based on the WZ-method
The following two theorems establish the main property of the function t(x):
Theorem 2.1. Let F (n, k) and G(n, k) be a WZ-pair [18] . If G(n, 0) and G(k, n) vanish as n → ∞, then the function t(x) defined by
satisfies t(x + 1) = t(x), for all complex numbers x.
Proof. Let F (n, k), G(n, k) be a WZ-pair and define
Obviously we have
Hence, we arrive at the following result which completes the proof:
where t(k) is a periodic function of period one, that is t(k + 1) = t(k). Theorem 2.2. Let F (n, k) and G(n, k) be a WZ-pair involving a factor (−1)
has the property that t(x + 1) = −t(x), for all complex numbers x.
Proof. Just write G(n, k) = cos(πn) G(n, k) and apply the first theorem.
We also use the following theorem:
Theorem 2.3. Let h(z) be an entire function which is periodic of period 1 and let
be its Fourier series. If h(z) = O(e cπ|Im(z)| ) for |Im(z)| sufficiently large, where c ≥ 0 is a constant, then c − 2|n| < 0 ⇒ a n = 0.
Proof. Since h(z) has period 1, its Fourier coefficients are given by
where a and b are arbitrary real numbers. Then for n < 0 let b → +∞ and for n ≥ 0 let b → −∞ to conclude c − 2|n| < 0 ⇒ a n = 0.
Before finding new identities, we apply our new theorems to complete the proof of an identity conjectured in [12] . The same idea also applies to other identities in that paper.
Proof. In [12] we guessed that the function s(x) = s 1 (x) + s 2 (x), where
was equal to the simple function t(x) = 1/(π cos πx). Here we prove that it is true. Define the function h(x) = s(x) cos πx. We first prove that h(x) has no poles. By Th. 2.2 we see that the function h(x) has the property h(x + 1) = h(x), thus we only need to check that h(x) has no poles in the band 0 ≤ Re(x) < 1. The only possible pole in this band is at x = 1/2, but taking the limit of h(x) as x → 1/2, we clearly see that it is not a pole. Hence h(x) is holomorphic and periodic and this implies that it has a Fourier series expansion. By the Weiertrass M test, as |Im(x)| → ∞, we have
which are finite. Hence
On the other hand, as |Im(x)| → ∞, we have the behaviour
Thus, |s 1 (x)| → 0 for |Im(x)| → ∞, and in a similar way we see that |s 2 (x)| → 0. This implies that |h(x)| = O(e π|Im(x)| ) for |Im(x)| sufficiently large. As h(0) is a Ramanujan series with the sum 1/π [11, Table 2 ], using Thm. 2.3, we deduce that
and we conclude that s(x) = t(x).
For the last identity in this paper (36), we will explain how we guessed the function t(x) corresponding to it (37). 
where the C is a very thin contour and G is a type of transformation of G (see [17] for details). We state this condition explicitly in the proof of Identity 4. A related application of the Barnes integral is given in [20] .
3.1. Four new identities. Our proof of Identity 1 uses the following lemma:
Lemma 3.1. The following expansion is true as x → 1/2
Proof. We use the formula for the derivative of (x) n given in [7, p. 17] :
Applying it to the function
where
is the harmonic number. Hence
Finally we take the limit as z → −1.
where G is the Catalan's constant.
Proof. Apply Thm. 2.1, and the condition (19) , to the WZ-pair
We see that the function s(x) = s 1 (x) + s 2 (x), where (1) 3
n , has the property s(x + 1) = s(x). Then we guess that s(x) is equal to t(x) = 1 π cos 2πx cos 2 πx .
To prove this result, define the function h(x) = s(x) − t(x). We know that h(0) = 0 and that h(x + 1) = h(x). Since h(x) has period 1, we can prove that it is holomorphic by checking that it has no poles in the band 0 ≤ Re(x) < 1. The only possible pole in this band is at x = 1/2, but using (20) to evaluate the limit of the function h(x) as x → 1/2, shows it is not a pole. As in the example in Section 2.1, we see that s 1 (x) tends to 0 as |Im(x)| → ∞. On the other hand, (and although we do not have a rigorous proof of it), numerical results clearly show that for |Im(x)| sufficiently large, we have |s 2 (x)| = O(1).
Then we deduce that |h(x)| = O(1). Hence, by Thm. 2.3, the Fourier expansion of h(x)
reduces to a constant (observe that as |h(x)| is bounded, also Liouville's Theorem from complex analysis states that h(x) is a constant). Since h(0) = 0, we see that h(x) = 0 for all complex x.
Remark: We interpret all the series in this paper in terms of their analytic continuations. For example, we define the series in s 2 (x) in the following way:
In fact, it is not necessary to use the sum at all, but it makes for easier reading.
Our proof of Identity 2 uses the following lemma:
Lemma 3.2. The following expansion is true when x → 1/2
Proof. Using symbolic calculations with Maple, and replacing Ψ(1 + n) + γ with H n = n j=1
1 j
, we see that
Then, use the representation
and take the limit as z → −1.
Identity 2. (1) 3
From (24), we obtain the expansion
Proof. Apply Thm. 2.1, with the condition (19) , to the WZ-pair
has the property s(x + 1) = s(x). Then we guess that s(x) is equal to the simple function t(x) = 1 π cos 3πx cos 3 πx .
To prove this result we define the function h(x) = s(x) − t(x). Observe that h(0) = 0 and h(x + 1) = h(x). Then, use (23) to evaluate the limit of h(x) when x → 1/2. We see that it is finite. Hence h(x) has no poles in the band 0 ≤ Re(x) < 1, and this implies that h(x) is holomorphic. Then we follow the same steps as in our previous proof.
To prove Identity 3 we need the following lemma Lemma 3.3. As x → 1/2 we have
Proof. Symbolic computations with Maple yield:
Now use the integral representations
n (2n + 1)
From (27), we obtain the expansion 1 8
Proof. We consider the WZ-pair
Apply Thm. 2.2 with the condition (19) to the WZ-pair. We see that the function s(x) = s 1 (x) + s 2 (x), where To verify this observation, we define the function
cos πx and observe that h(0) = 0 and h(x+1) = h(x). We use (26), and the evaluation at x = 1/2 from the first series in (27) (see [12, Sect. 2.4 ]), to take the limit of h(x) as x → 1/2. The limit is finite, and this implies that h(x) has no poles in the band 0 ≤ Re(x) < 1. We conclude that it is holomorphic. When |Im(x)| → ∞ we have |s 1 (x)| → 0. On the other hand, numerical calculations clearly indicate that for |Im(x)| sufficiently large, we have |s 2 (x)| = O(e π|Im(x)| ). Hence, we deduce that |h(x)| = O(1). We complete the proof as usual.
We need the following lemma to prove identity 4 : Lemma 3.4. As x → 1/2, we have the expansion
Proof. First write the formula [8, Cor. 2.4] in the form 1 2
and then subtracting the formula [13, Sect. 2.2] 1 2
and then expand everything in powers of x, to see that
When x → 1/2 we obtain the expansion
Finally use (31) and (32) when x = 0. (1) 3
From (33), we obtain the expansion 1 2
Proof. Consider the following WZ-pair: Observe that the condition (19) in this case is equivalent to saying that C G(t, s)ds = 8t To prove it, define the function h(x) = cos πx(s(x) − t(x)).
We know that h(0) = 0 and that h(x + 1) = h(x). We use (29) to calculate h(x) when x → 1/2, and we see that it is finite. Hence h(x) has no poles in the band 0 ≤ Re(x) < 1 and, because h(x) has period 1, the function is holomorphic. We easily deduce that |s 2 (x)| tends to 0 as |Im(x)| → ∞. By numerical calculations (we do not have a rigorous proof) |s 1 (x)| → 0 when |Im(x)| → ∞. Hence |h(x)| = O(e π|Im(x)| ), and in the usual way, we deduce that h(x) = 0 for all complex x.
